A remark on the partial regularity of a suitable weak solution to the
  Navier-Stokes Cauchy problem by Crispo, Francesca & Maremonti, Paolo
ar
X
iv
:1
50
7.
06
43
6v
1 
 [m
ath
-p
h]
  2
3 J
ul 
20
15
A remark on the partial regularity of a suitable weak
solution to the Navier-Stokes Cauchy problem
F. Crispo and P. Maremonti
∗
Abstract - Starting from the partial regularity results for suitable weak solutions to the Navier-
Stokes Cauchy problem by Caffarelli, Kohn and Nirenberg [1], as a corollary, under suitable
assumptions of local character on the initial data, we prove a behavior in time of the L∞loc-norm
of the solution in a neighborhood of t = 0. The behavior is the same as for the resolvent operator
associated to the Stokes operator. Besides its own interest, the result is a main tool to study
the spatial decay estimates of a suitable weak solution, performed in paper [2].
Keywords: Navier-Stokes equations, suitable weak solutions, partial regularity.
AMS Subject Classifications: 35Q30, 35B65, 76D03.
1 Introduction
In this note we study the partial regularity of suitable weak solutions to the Navier-Stokes
initial value problem:
vt + v · ∇v +∇piv = ∆v, ∇ · v = 0, in (0, T )× R
3,
v(0, x) = v◦(x) on {0} × R3.
(1.1)
In system (1.1) v is the kinetic field, piv is the pressure field, vt :=
∂
∂t
v and v · ∇v :=
vk
∂
∂xk
v. In order to highlight the main ideas we assume zero body force, as well as we
restrict ourselves to the Cauchy problem. However, the initial boundary value problem
will be considered in a forthcoming paper.
The symbol C0(R
3) stands for the subset of C∞0 (R
3) whose elements are divergence
free. We set J2(R3) :=completion of C0(R
3) with respect the L2-norm, and J1,2(R3) :=
completion of C0(R
3) with respect to the W 1,2(R3)-norm.
We set (u, g) :=
∫
R3
u · gdx .
In the present note, assuming v◦ ∈ J2(R3), and, for x0 ∈ R3 and R0 > 0,
E0(x0, R0) := ess sup
B(x0,R0)
||v◦||w(x) := ||
( ∫
R3
|v◦(y)|2
|x− y|
dy
) 1
2 ||L∞(B(x0,R0)) (1.2)
small in a suitable sense, where the smallness is independent of B(x0, R0) and of v◦,
we prove, in a neighborhood of t = 0, a time-weighted estimate of the L∞ℓoc-norm of a
suitable weak solution (hence local regularity for all t > 0).
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2Our result has to be put in the context of the general results obtained by Caffarelli-
Kohn-Nirenberg in [1], that are crucial for our aims, although other results related to
sufficient conditions for regularity could be employed (see e.g. [3], [4], [5], [12], [14]).
To better state our main result, we introduce some definitions and notation. This is
done following as much as possible the ones in [1].
Definition 1.1 A pair (v, piv), such that v : (0, T )×R
3 → R3 and piv : (0, T )×R
3 → R,
is said a weak solution to problem (1.1) if
i) for all T > 0, v ∈ L2(0, T ; J1,2(R3)) and piv ∈ L
5
3 ((0, T )× R3),
||v(t)||22 + 2
t∫
s
||∇v(τ)||22dτ ≤ ||v(s)||
2
2, for all t ≥ s, for s = 0 and a.e. in s ≥ 0 ,
ii) lim
t→0
||v(t) − v◦||2 = 0,
iii) for all t, s ∈ (0, T ), the pair (v, piv) satisfies the equation:
t∫
s
[
(v, ϕτ )− (∇v,∇ϕ) + (v · ∇ϕ, v) + (piv,∇ · ϕ)
]
dτ + (v(s), ϕ(s)) = (v(t), ϕ(t)),
for all ϕ ∈ C10 ([0, T )× R
3).
Definition 1.2 A pair (v, piv) is said a suitable weak solution if it is a weak solution in
the sense of the Definition 1.1 and, moreover,
∫
R3
|v(t)|2φ(t)dx + 2
t∫
s
∫
R3
|∇v(τ)|2φdxdτ ≤
∫
R3
|v(s)|2φ(s)dx
+
t∫
s
∫
R3
|v|2(φτ +∆φ)dxdτ +
t∫
s
∫
R3
(|v|2 + 2piv)v · ∇φdxdτ,
(1.3)
for all t ≥ s, for s = 0 and a.e. in s ≥ 0, and for all nonnegative φ ∈ C∞0 (R× R
3).
In [1] and [11] the following existence result is proved:
Theorem 1.1 For all v◦ ∈ J2(R3) there exists a suitable weak solution.
Concerning the regularity of a suitable weak solution, we begin by giving the following
Definition 1.3 We say that (t, x) is a singular point for a weak solution (v, piv) if v /∈ L
∞
in any neighborhood of (t, x); the remaining points, where v ∈ L∞(I(t, x)) for some
neighborhood I(t, x), are called regular.
We introduce the parabolic cylinders
Qr(t, x) := {(τ, y) : t− r
2 < τ < t and |y − x| < r},
and
Q∗r(t, x) := {(τ, y) : t−
7
8
r2 < τ < t+
1
8
r2 and |y − x| < r},
3that is Q∗r(t, x) = Qr(t+
1
8r
2, x). Moreover, for r ∈ (0, t
1
2 ), we set
M(r) := r−2
∫∫
Qr
(|v|3 + |v||piv|)dydτ + r
− 13
4
t∫
t−r2
( ∫
|x−y|<r
|piv|dy
) 5
4 dτ ,
where, for simplicity, we suppress the dependence on (t, x).
In [1], to achieve the regularity of a suitable weak solution two sufficient conditions
are given. The first one is Proposition 1 (or Corollary1) in [1]:
Proposition 1.1 Let (v, piv) be a suitable weak solution in some parabolic cylinder
Qr(t, x). There exist ε1 > 0 and c0 > 0 independent of (v, piv) such that, if M(r) ≤ ε1,
then
|v(τ, y)| ≤ c
1
2
1 r
−1, a.e. in (τ, y) ∈ Q r
2
(t, x), (1.4)
where c1 := c0ε
2
3
1 . In particular, a suitable weak solution v is regular in Q r2 (t, x).
Since in the statement of Proposition1.1 it is required M(r) ≤ ε1 for all r ∈ (0, t
1
2 ), and
since M(r) is in integral form, we do not prejudice the problem giving the definition of
M(r) for r ∈ (0, t
1
2 ].
The second sufficient condition is Proposition2 in [1]:
Proposition 1.2 There is a constant ε3 > 0 with the following property. If (v, piv) is a
suitable weak solution in some parabolic cylinder Q∗r(t, x) and
lim sup
r→0
r−1
∫∫
Q∗r
|∇v|2dydτ ≤ ε3 ,
then (t, x) is a regular point.
In [1], the above propositions are crucial to deduce the regularity for a suitable weak
solution. In their applications, in particular TheoremC and TheoremD, and Corollary
on p.820, the regularity results express on the geometry of regular points, but either a
continuous dependence on the initial data and a behavior in a neighborhood of t = 0
do not seem an immediate consequence. Of course, the same difficulties arise from the
results of [3], [4], [5], [12] and [14].
The following Theorem1.2, which is the chief result of this note, is related to the
pointwise continuous dependence of the null solution, in the framework of partial regu-
larity for a suitable weak solution.
From now on we will assume that v◦ ∈ J2(R3) and, in the light of Theorem 1.1,
denote by (v, piv) a corresponding suitable weak solution.
Theorem 1.2 Let (v, piv) be a suitable weak solution. Then there exist absolute con-
stants ε1, C1 and C2 such that if
C1E0(x0, R0) < 1 and C2(E
3
0 + E
5
2
0 ) ≤ ε1, (1.5)
then
|v(t, x)| ≤ c(E 30 + E
5
2
0 )
1
3 t−
1
2 , (1.6)
provided that (t, x) is a Lebesgue point with ||v◦||w(x) <∞ and x ∈ B(x0, R0).
4In the above statement ε1 is the same as in Proposition1.1.
The proof of the theorem is based on Proposition1.1. This is also made in [1], but
our approach to the proposition is different. Indeed, we prove a weighted energy relation
(the norm is ||v(t)||w(x)) which holds for t > 0, provided that (1.5)1 holds (see estimate
(2.3) in Proposition2.1).
Theorem1.2 is of primary importance as a premise to another paper, [2], concerning
the space-time decay of suitable weak solutions, provided that the same behavior is
assumed on the initial data.
We end the introduction with few remarks.
Our partial regularity result states that under the smallness assumption (1.5) almost
all (t, x) ∈ (0, T )× B(x0, R0) are points of regularity for a suitable weak solution v. In
particular, if B(x0, R0) ≡ R
3, then we get a new sufficient condition for the existence of
a global smooth solution.
Condition (1.2) becomes a norm. We remark that for all v◦ ∈ J2(R3), by virtue
of the Hardy-Littlewood-Sobolev theorem, we have ||v◦||w(x) < ∞ almost everywhere in
x ∈ R3. Hence, any data in L2 inherently defines a functional that we can assume as
norm. Condition (1.5) is just the smallness of the norm ||||v◦||w(x)||L∞(B(x0,R0)). We can
find several sufficient conditions on v◦ ∈ J2(R3) such that assumption (1.5) is verified.
For example, if we consider the assumption in [1] (Corollary on p. 820), that is v◦ ∈
W 1,2(R3 − BR), then ||v◦||w(x) is a continuous function of x that we can make small
outside a suitable ball of radius R ′ ≥ R.
The partial regularity has a local character in the sense that condition (1.5) can be
not satisfied on R3−B(x0, R0), and the regularity is ensured a.e. in B(x0, R0). Another
feature that expresses the local character of the result is the following: the pointwise
behavior of our solution v is given in a neighborhood of (0, x0). As far as we know, this
property, which is as the one of the solutions to the Stokes problem, is new.
Of course estimate (1.6) also gives a pointwise asymptotic behavior of the solution
for large t. However such a behavior is not optimal under the assumption v◦ ∈ J2(R3).
Indeed for a suitable weak solution the pointwise asymptotic behavior is of the kind
O(||v◦||2t−
3
4 ), according to the fact that a weak solution becomes smooth for t > T0,
where T0 is connected with the L
2-norm of v◦, and the behavior is governed by the
L2-norm of the initial data (see [7]).
We conclude by observing that a weaker result can be deduced for the initial boundary
value problem. In this case the local regularity is far from the boundary. The result will
be object of a next paper. We attack the problem by using the arguments developed in
[6] and new estimates on the pressure field deduced in [10].
2 Partial regularity results
Firstly we recall some results fundamental for our aims.
Lemma 2.1 Suppose that |x|βu ∈ L2(R3) and |x|α∇u ∈ L2(R3). Also
i) r ≥ 2, γ + 3
r
> 0, α+ 32 > 0, β +
3
2 > 0, and a ∈ [
1
2 , 1],
5ii) γ + 3
r
= a(α+ 12 ) + (1 − a)(β +
3
2 ) (dimensional balance),
iii) a(α− 1) + (1− a)β ≤ γ ≤ aα+ (1− a)β.
Then, with a constant c independent of u, the following inequality holds:
|||x|γu||r ≤ c|||x|
α∇u||a2 |||x|
βu||1−a2 . (2.1)
Proof. See [1] Lemma7.1 .

Lemma 2.2 Assume that K is a singular bounded transformation from Lp into Lp,
p ∈ (1,∞), of Caldero´n-Zigmund kind. Then, K is also a bounded transformation from Lp
into Lp with respect to the measure (µ+ |x|)αdx, µ ≥ 0, provided that α ∈ (−n, n(p−1)).
Proof. See [13] Theorem1.

For the reader’s convenience, here we restate Proposition1.1, that is Corollary 2 in
[1] in a slightly different form, more convenient for our aims:
Theorem 2.1 Let (v, piv) be a suitable weak solution in some parabolic cylinderQr(t, x).
There exist ε1 > 0 and c0 > 0 independent of (v, piv) such that, if M(r) ≤ ε1 ≤ ε1, then
|v(τ, y)| ≤ c
1
2
1 r
−1, a.e. in (τ, y) ∈ Q r
2
(t, x), (2.2)
where c1 := c0ε
2
3
1 .
Proof. For the regularity result see Corollary1 on p.776 of [1], and for formula c1 = c0ε
2
3
1
see (4.4) on p.789 of [1].

Theorem1.2 is proved employing Theorem2.1. So that our task is reduced to prove
that, under the assumption (1.5), for all suitable weak solutions (v, piv) the following
holds
M(r) ≤ c(E 30 + E
5
2
0 ) .
To this end we will prove
Proposition 2.1 Let be C1E0 < 1. Then there exists a set D and a suitable weak
solution (v, piv) such that meas(B(x0, R0)−D) = 0 and
||v(t)||2w(x) + c(E0)
t∫
0
||∇u(τ)||2w(x)dτ < c||v◦||
2
w(x) ,
for all t > 0 and x ∈ D,
(2.3)
where c(E0) > 1.
We postpone the proof of the proposition to the next section and now we deduce the
above implication.
Lemma 2.3 Assume that (v, piv) is a suitable weak solution. Then the pressure field
admits the following representation formula
piv(t, x) = −DxiDxj
∫
R3
E(x − y)vi(y)vj(y)dy , a.e. in (t, x) ∈ (0,∞)× R3. (2.4)
6Proof. Since piv ∈ L
5
3 ((0, T ) × R3) and v ∈ L2(0, T ; J1,2(R3)), there exists a zero
Lebesgue measure set N such that, for all t ∈ (0, T )−N , ||piv(t)|| 5
3
+ ||v(t)||1,2 < ∞. To
prove (2.4) we start from the formulation of weak solution to the Navier-Stokes Cauchy
problem evaluated for t ∈ (0, T )−N and for all ϕ ∈ C∞0 ([0, T )× R
3):
(v(t+ δ), ϕ(t + δ))− (v(t), ϕ(t)) =
t+δ∫
t
[
(v, ϕτ +∆ϕ) + (v · ∇ϕ, v) + (piv,∇ · ϕ)]dτ.
In particular setting ϕ(τ, x) := h(τ)∇ψ(x), where h(τ) :=
{
1 for τ ≤ t+ δ ,
0 for τ ≥ t+ 2δ ,
is a
smooth cut-off function and ψ(x) ∈ C∞0 (R
3), since v is divergence free, we get
t+δ∫
t
[
(v · ∇∇ψ, v) + (piv,∆ψ)
]
dτ = 0.
Multiplying by 1
δ
, in the limit as δ → 0, we deduce
(piv,∆ψ) = −(v ⊗ v,∇∇ψ), a.e. in t > 0, for all ψ ∈ C
∞
0 (R
3) . (2.5)
A solution of equation (2.5) is given by
pi = −DxiDxj
∫
R3
E(x− y)vi(t, y)vj(t, y)dy .
Since, for t ∈ (0, T )−N , we have v ∈ J1,2(R3) ⊂ L
10
3 (R3), by virtue of Caldero´n-Zigmund
theorem we get pi ∈ L
5
3 (R3). Hence, we deduce, almost everywhere in t > 0,
(piv − pi,∆ψ) = 0, for all ψ ∈ C
∞
0 (R
3),
with piv − pi ∈ L
5
3 (R3), so that piv ≡ pi and (2.4) is achieved.

If (2.3) holds, then, with the aid of the previous lemma, we are able to prove the
following
Lemma 2.4 Assume that (2.3) holds for a suitable weak solution (v, piv). Then M(r) ≤
C2(E
3
0 + E
5
2
0 ), for r
2 ∈ (0, t).
Proof. By virtue of our assumption (2.3), by virtue of representation formula (2.4) and
Lemma 2.2, a.e. in t > 0, we get that
||piv(t)|x − y|
− 4
3 || 3
2
≤ c|||v(t)||x − y|−
2
3 ||23 . (2.6)
Applying Ho¨lder’s inequality, from (2.6) and from Lemma2.1 we get
r−2
t∫
t−r2
∫
|x−y|<r
[
|v|3 + |v||piv|
]
dydτ ≤c
t∫
t−r2
[
||
v(τ)
|x − y|23
||33 + ||
v(τ)
|x− y|23
||3||
piv(τ)
|x − y|43
|| 3
2
]
dτ
≤c
t∫
t−r2
||
v(τ)
|x− y| 12
||2||
∇v(τ)
|x− y| 12
||22dτ ≤c||v◦||
3
w(x),
for all t > 0 and t− r2 > 0.
(2.7)
7Considering the last term on the right-hand side of M(r), applying twice Ho¨lder’s in-
equality, (2.6), we get
r−
13
4
t∫
t−r2
[ ∫
|x−y|<r
|piv(τ, y)|dy
] 5
4
dτ ≤ cr−
1
3
t∫
t−r2
[
||
piv(τ)
|x− y|43
|| 3
2
] 5
4
dτ
≤ cr−
1
3
t∫
t−r2
||
v(τ)
|x− y| 12
||
5
6
2 ||
∇v(τ)
|x − y| 12
||
5
3
2 dτ
≤ c||v◦||
5
2
w(x), for all t > 0 and t− r
2 > 0.
(2.8)
Hence (2.7) and (2.8) imply, for a suitable constant C2, that
M(r) ≤ C2(E
3
0 + E
5
2
0 ).
The lemma is proved.

3 Proof of Proposition 2.1
The aim of this section is to prove Proposition2.1. We start with following result:
Lemma 3.1 For all suitable weak solutions (v, piv), for s = 0 and almost everywhere in
s ≥ 0, we get
lim
t→s+
∫
R3
|v(t, x)− v(s, x)|2φdx = 0, for all φ ∈ L∞(R3) . (3.1)
Proof. It is well known that any weak solution, which satisfies the energy relation in the
form i) of Definition 1.1, is right-continuous with values in L2(R3), for s = 0 and almost
everywhere in s ≥ 0. Hence, the limit property easily follows.

Lemma 3.2 Under the assumption of Proposition2.1, a suitable weak solution (v, piv)
satisfies the following weighted energy inequality:
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy + c(E0)
t∫
0
∫
R3
|∇v(τ, y)|2
(|x− y|2 + µ2)
1
2
dydτ ≤
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
, (3.2)
for all t > 0, µ > 0, and a.e. in x ∈ B(x0, R0).
Proof. By virtue of our assumptions, almost everywhere in x ∈ B(x0, R0), we have∫
R3
|v◦(y)|2
(|x − y|2 + µ2)
1
2
< cE 20 . (3.3)
We define φ(τ, y) := (|x− y|2+µ2)−
1
2 hR(y)k(τ) ∈ C
∞
0 (R×R
3), with hR and k such that
hR(y) :=


1 if |y| ≤ R
∈ (0, 1) if |y| ∈ [R, 2R]
0 for |y| ≥ 2R
and k(τ) :=


1 if |τ | ≤ t
∈ (0, 1) if |τ | ∈ [t, 2t]
0 for |τ | ≥ 2t
.
8Substituting this φ in (1.3), we get
∫
R3
|v(t, y)|2h(y)
(|x− y|2+µ2)
1
2
dy +2
t∫
0
∫
R3
|∇v(τ, y)|2h(y)
(|x− y|2+µ2)
1
2
dydτ+3µ2
t∫
0
∫
R3
|v(τ, y)|2h(y)
(|x− y|2+µ2)
5
2
dydτ
≤
∫
R3
|v◦(y)|2h(y)
(|x− y|2+µ2)
1
2
dy +
t∫
0
∫
R3
|v(τ, y)|2h(y) v(y)· (x − y)
(|x− y|2 + µ2)
3
2
dydτ
+
t∫
0
∫
R3
piv(y)h(y)v(y)·(x− y)
(|x− y|2 + µ2)
3
2
dydτ + o(R)
:=
∫
R3
|v◦(y)|2h(y)
(|x− y|2+µ2)
1
2
dy + I1(t, x) + I2(t, x) + o(R),
(3.4)
where
o(R) :=
t∫
0
∫
R3
|v|2
[
2∇hR · ∇(|x− y|
2 + µ2)−
1
2 +
∆hR
(|x− y|2 + µ2)
1
2
+
v · ∇hR
(|x− y|2 + µ2)
1
2
]
dydτ
+
t∫
0
∫
R3
pivv · ∇hR
(|x− y|2 + µ2)
1
2
dydτ .
We estimate the terms Ii, i = 1, 2. Since µ > 0, by virtue of the integrability properties
of a suitable weak solution, applying Ho¨der’s inequality and Lemma2.1 we get
|I1(t, x)| ≤ ||
v
(|x− y|2 + µ2)
1
3
||33 ≤ c||
v
(|x − y|2 + µ2)
1
4
||2||
∇v
(|x− y|2 + µ2)
1
4
||22.
For I2 applying the Ho¨lder’s inequality and Lemma 2.2, we obtain
|I2(t, x)| ≤ c||
v
(|x − y|2 + µ2)
1
3
||3||
piv
(|x− y|2 + µ2)
2
3
|| 3
2
≤ c||
v
(|x− y|2 + µ2)
1
3
||33.
Hence, as in the previous case, applying Lemma 2.1, we get
|I2(t, x)| ≤ c||
v
(|x− y|2 + µ2)
1
4
||2||
∇v
(|x − y|2 + µ2)
1
4
||22.
We increase the right hand side of (3.3) by employing the estimates obtained for Ii, i =
1, 2. Hence, by applying the Lebesgue dominate convergence theorem, in the limit as
R→∞, for all t > 0 we deduce the inequality
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy + 2
t∫
0
∫
R3
|∇v(τ, y)|2
(|x− y|2 + µ2)
1
2
dydτ ≤
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
dy
+c
t∫
0
||
v(τ)
(|x − y|2 + µ2)
1
4
||2||
∇v(τ)
(|x− y|2 + µ2)
1
4
||22dτ.
(3.5)
9Since, by virtue of Lemma 3.1, for all µ > 0 v(t,y)(|x−y|2+µ2) 12 is right-continuous with values
in L2(R3) for s = 0 and almost everywhere in s ≥ 0, then, a.e. in x ∈ B(x0, R0), there
exists a [0, δ(µ, x)) in which
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy ≤ cE 20 , t ∈ [0, δ) . (3.6)
Hence, on [0, δ) estimate (3.5) becomes
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy+(2− cE0)
t∫
0
∫
R3
|∇v(τ, y)|2
(|x− y|2 + µ2)
1
2
dydτ ≤
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
dy. (3.7)
Estimate (3.7) implies
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy ≤
∫
R3
|v◦(y)|2
(|x − y|2 + µ2)
1
2
dy < cE 20 .
Let us prove that this last estimate holds for all t > 0. Firstly, let us explicitly note that,
for all µ > 0, the function
f(t) = c
t∫
0
||
v(τ)
(|x − y|2 + µ2)
1
4
||2||
∇v(τ)
(|x− y|2 + µ2)
1
4
||22dτ
is uniformly continuous. Hence there exists η > 0 such that
|t1 − t2| < η ⇒ |f(t1)− f(t2)| < cE
2
0 −
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
dy.
We claim that estimate (3.6) holds in [δ, δ + η). Assuming the contrary, there exists
t ∈ [δ, δ + η) such that ∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy > cE 20 . (3.8)
On the other hand, the validity of (3.5) yields
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy + 2
t∫
0
∫
R3
|∇v(τ, y)|2
(|x − y|2 + µ2)
1
2
dydτ ≤
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
dy
+(f(t)− f(δ)) + f(δ).
Since via (3.6) we get
f(δ) ≤ cE0
δ∫
0
∫
R3
|∇v(τ, y)|2
(|x − y|2 + µ2)
1
2
dydτ < cE0
t∫
0
∫
R3
|∇v(τ, y)|2
(|x − y|2 + µ2)
1
2
dydτ,
10
employing the uniform continuity condition, we find
∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy + (2 − cE0)
t∫
0
∫
R3
|∇v(τ, y)|2
(|x− y|2 + µ2)
1
2
dydτ
≤
∫
R3
|v◦(y)|2
(|x− y|2 + µ2)
1
2
dy + f(t)− f(δ) < cE 20 ,
which contradicts (3.8). Since the arguments are independent of δ, we have proved
estimate (3.2).

Corollary 3.1 Under the assumption of Proposition2.1, almost every where in x ∈
B(x0, R0), we get
∫
R3
|v(t, y)|2
|x− y|
dy + c(E0)
t∫
0
∫
R3
|∇v(τ, y)|2
|x− y|
dydτ ≤ c
∫
R3
|v◦|2
|x− y|
dy, for all t > 0 . (3.9)
Proof. The thesis is an easy consequence of the following remark: the families of
functions
{ t∫
0
∫
R3
|∇v(t, y)|2
(|x− y|2 + µ2)
1
2
dy
}
and
{∫
R3
|v(t, y)|2
(|x− y|2 + µ2)
1
2
dy
}
are monotone in µ > 0. Hence, by virtue of the Beppo Levi’s theorem, in the limit as
µ→ 0, we deduce (3.9).

4 Proof of Theorem1.2
We consider a Lebesgue point (t, x) with x ∈ D such that (2.3) holds. Let us con-
sider the parabolic cylinder Q√t(
7
6 t, x). Since our assumptions on v◦ and x ensure that
Proposition2.1 holds, by virtue of Lemma 2.4 and Theorem2.1 we get
|v(τ, y)| ≤ 2(c1)
1
2 t−
1
2 , in Q√t
2
(76 t, x),
provided that (τ, y) is Lebesgue point. Since we are referying to (t, x) which belongs
to Q√t
2
(76 t, x) and recalling the expression of c1 = c0(E
3
0 + E
5
2
0 )
2
3 , we have proved the
theorem.

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